Adopting the frame of mesoscopic physics, we describe a Bell type experiment involving timedelayed two-particle correlation measurements. The indistinguishability of quantum particles results in a specific interference between different trajectories; the non-locality in the time-delayed correlations manifests itself in the violation of a Bell inequality, with the degree of violation related to the accuracy of the measurement. In addition, we demonstrate how the interrelation between the orbital-and the spin-exchange symmetry can by exploited to infer knowledge on spin entanglement from a measurement of orbital entanglement.
I. INTRODUCTION
Fundamental quantum phenomena, such as nonlocality and entanglement of quantum degrees of freedom, have regained a lot of interest recently, mainly due to their potential usefulness as a computational resource. Mesoscopic physics provides a new platform for the investigation of these phenomena, important issues being the creation, quantification, and verification of nonlocality/entanglement. In this paper, we describe an experiment where two electrons with different orbital wave functions are superposed in an interferometer and analyzed in a Bell type experiment involving two-particle correlation measurements, see Fig. 1 . The particular feature of this Bell test is the replacement of the four different settings of local detectors in the original setup by four different time-delays in the measured correlators. The main physical property we want to exploit is the indistinguishability of quantum particles, which results in a specific interference between different trajectories. We wish to convey three messages: first, the non-locality in the time-delayed correlations due to indistinguishability manifests itself in the violation of a Bell inequality. Second, the degree of violation is related to the accuracy of the measurement and is reduced, once the local measurement can distinguish between the different orbital wave functions of the particles. The above two items refer to spinless objects (or particles with equal spin). Third, adding the spin degree of freedom, we show how the symmetry relation between spin-and orbital components allows to extract information on spin-entanglement from an orbital measurement.
By now, numerous proposals have been made how to create entangled states in mesoscopic setups, both for orbital-and spin degrees of freedom 1 . The verification and quantification of entanglement can be carried out using Bell inequality checks 2 or state tomography 3,4,5 . The indistinguishability of (spinless) particles producing a two-particle Aharonov-Bohm effect and entanglement has been exploited in a Hanbury-Brown Twiss interferometer 6, 7 ; here, we offer an alternative implementation which makes use of an electron beam split- are mixed in a four-terminal splitter (characterized by the mixing angle θ) and analyzed at x1 = x2 through measurement of time-correlations during the time intervals t1 ∈ A and t2 ∈ B (time axis drawn perspectively into the plane). We are interested in the entanglement of the lead indices u and d with respect to bipartitioning of the system between the time intervals A and B. For details on the implementation of the source (shaded area) see Fig. 4. ter. Using the same setup as discussed here, Burkhard et al. 8 have demonstrated how to distinguish between singlet and triplet spin-states by a measurement of zerofrequency cross-correlations. Below, we exploit that the orbital measurement of the Bell parameter preserves the spin-entanglement; this feature allows us to find a lower bound on the concurrence of the spin wave function.
In the following, we consider a setup with two incoming leads, denoted asū andd, connected to two outgoing leads u and d through a reflectionless four-terminal beam splitter, see Fig. 1 . At time t = 0 two electrons with normalized orbital wave functions f (x) and g(x) and common spin state χ(σ 1 , σ 2 ) are injected into the leadsū and d. The state, factorizable in orbital and spin parts (with factorized orbital part and general spin part), is conveniently written within a second quantized formalism,
here,ψ † ασ (x) creates electrons at the position x in lead α and |0 is the vacuum state with no electrons. After mixing in a four-terminal splitter (with mixing angle θ), we will analyze correlations in the system through detection of particles in time (see Fig. 1 ) or space separated intervals A and B (see Fig. 3 ). Our focus then is on the entanglement of the lead indices u and d with respect to bipartitioning of the system between the time or space intervals A and B.
II. BELL TEST
The particles in the outgoing leads u and d are subjected to a Bell test expressed through time-resolved current-current correlators in the leads α 1 and α 2 , α 1 , α 2 ∈ {u, d} (both auto-α 1 = α 2 and crossed-α 1 = α 2 correlators are considered),
whereÎ α (x, t) is the total current operator (summed over spin degrees of freedom) in lead α at position x and time t. The time integration is taken over a finite time interval A = [t A − δt/2, t A + δt/2] (same for B) with the width δt accounting for the finite time-resolution of the current measurement, cf. Fig. 1 ; the limit δt → 0 corresponds to a measurement of the instantaneous current. In the following, we will assume that all correlators are measured at some fixed symmetric position x 1 = x 2 and omit the coordinate variable.
With only two electrons present in the system and for non-overlapping time-intervals A∩B = 0, the correlation function C α1α2 (AB) is proportional to the joint probability P α1α2 (AB) for the detection of two particles during the time intervals A and B in the leads α 1 and α 2 , see Ref.
9. There are four distinct possibilities to distribute two electrons between the outgoing leads and we can define the properly normalized ( α1α2 P α1α2 (AB) = 1) probabilities as
Out of these, we define the two-particle Bell inequality in the Clauser-Horne 10 form in the same way as it is done in the usual optics context 11 : we introduce the Bell correlation functions
and obtain the Bell inequality
Here, the polarizations ± in the optics context are replaced by the lead indices u and d and the role of the four different polarization settings of the detectors is played by four different time intervals A, B and A ′ , B ′ . The violation of this inequality for a particular choice of time intervals shows that non-local correlations are present in the system, i.e., the result of the measurement cannot be simulated by any local-variable theory.
Let us demonstrate that the above Bell inequality indeed can be violated by the incoming state (1) after proper projection. We then have to calculate the four current-current auto-and cross-correlators C α1α2 with α 1 = α 2 and α 1 = α 2 , respectively. This is done within the scattering matrix approach to quantum noise 12 : we assume that the Fourier components f (k) and g(k) of the single-particle wave functions are concentrated near the wave vector k 0 > 0, allowing us to linearize the energymomentum dispersion near k 0 . The time evolution of the incoming state (1) then is described by the propagation of the single-particle wave packets f (x) and g(x) with constant velocity v 0 =hk 0 /m to the right, f (x, t) = f (ξ) and g(x, t) = g(ξ), where ξ = x − v 0 t is a retarded variable. With the scattering matrix of the beam splitter (parametrized by the angle θ),
we can express the current operatorsÎ α (x, t) in the outgoing leads α ∈ {u, d} through the electronic scattering states. Averaging the product of current operators in Eq. (2) over the incoming state |Ψ in one arrives at the results
where Q = σ1σ2 χ(σ 1 , σ 2 )χ * (σ 2 , σ 1 ) describes the overlap between the spin states of the two electrons in the incoming state (1). The two other correlation func-
are obtained by exchanging cos θ and sin θ in Eqs. (7) and (8) . Substituting these expressions for the current correlators into Eq. (2) and integrating over (non-overlapping) time intervals A and B, one arrives at the Bell correlation function Eq. (4)
where we have introduced the particle densities F A,B and G A,B averaged over the time intervals A and B,
(and similarly for G A,B with f replaced by g). The overlap S A,B between different single particle wave functions reads
In the following, we apply the result (9) first to spinless fermions and plane wave states f and g and confirm the violation of the Bell inequality in this simple situation.
We then proceed with a rederivation of the expression (9) with space-like separated measurement intervals A and B in order to make the origin of the entanglement more transparent. A formulation in terms of reduced density matrices leading to an expression of the Bell correlator in terms of concurrences completes the discussion.
A. Spinless fermions
We first concentrate on spinless particles; this situation can be realized by preparing the two electrons in equal spin-states, χ(σ 1 , σ 2 ) = δ σ1↑ δ σ2↑ with corresponding overlap Q = 1. To begin with, we choose a plane wave form for the wave packets with different momenta k 1 and k 2 close to k 0 (in order to allow for the linearized spectrum), f (x) = exp(ik 1 x) and g(x) = exp(ik 2 x). The correlation function E AB takes the form
where ϕ AB = δω (t A − t B ) is the relative phase shift accumulated by the two waves between the two measurement intervals and δω = v 0 (k 1 − k 2 ) is the frequency mismatch between the two plane waves. The phase shift ϕ AB replaces the angle between the two polarizers in the conventional Bell setup. The visibility factor 0 ≤ V ≤ 1 accounts for the width δt of the time interval,
The other correlation functions involving intervals A ′ and B ′ are obtained in the same way; their combination into the Bell inequality Eq. (5) produces a maximal violation for the angles ϕ AB = ϕ A ′ B = ϕ A ′ B ′ = π/4 and ϕ AB ′ = 3π/4, corresponding to measurement intervals with relative distance t B = t A + τ /8, t A ′ = t A + τ /4, and τ B ′ = t A + 3τ /8, where τ = 2π/δω and t A is an arbitrary reference time. In this case the Bell inequality Eq. (5) reduces to
For given V , the maximal violation E max = V √ 2 is reached for a symmetric beam splitter with θ = π/4, cf. Fig. 2 . Furthermore, the maximally allowed degree of violation E = √ 2 can be attained only for V ≈ 1, corresponding to a short time measurement of the current value with δt < 1/v 0 δk =h/δε: hence, the maximal violation of the Bell inequality can be obtained for indistinguishable particles, while a time interval with length beyond Heisenberg's uncertainty bound δt >h/δε allows for a distinction between the two particles and the Bell inequality cannot be violated in this classical situation. For V ≤ 1/ √ 2 the Bell inequality is always satisfied. Within the region 1/ √ 2 < V ≤ 1, the Bell inequality (14) is always violated for any mixing angle 0 < θ < π/2, although to a lesser degree then in the symmetric point θ = π/4.
Let us discuss the physical origin of the violation. The correlator Eq. (2) measured in the Bell test is finite, provided that both electrons are detected within the time windows A and B; in this case, it is proportional to the probability P α1α2 (AB). Although, formally, the electrons have different energies ε and thus are distinguishable in principle, given a small time resolution δt <h/δε of the local current measurements one cannot distinguish between the energies ε 1 =hv 0 k 1 and ε 2 =hv 0 k 2 . Under this circumstances the electrons indeed can be considered as indistinguishable particles. Then, according to the rules of quantum mechanics, there are two quantum alternatives contributing to a coincident detection of the electrons in A and B: either the electrons with energies ε 1 and ε 2 are detected in the time windows A and B, respectively, or vice a versa. These two alternatives contribute to the measurement outcome with different phases: in the first case, the phase factor acquired by the two-particle wave function after the first measurement at t A due to the propagation of the second particle until t B is given by exp[−iε 2 (t B −t A )], while in the second case this phase assumes the value exp[−iε 1 (t B − t A )]. The phase difference between the two alternatives leads to quantum interference and a corresponding oscillatory dependence (with frequency δω = (ε 2 −ε 1 )/h) of the probability P α1α2 (AB) as a function of time, with an amplitude proportional to the visibility factor V . The precise bound on δt allowing for a violation of the Bell inequality is given by 1/ √ 2 < V ≤ 1 or (ε 2 − ε 1 )δt ≤ 2h, corresponding to a measurement where the Heisenberg uncertainty principle for energy-time variables is violated.
B. Space-separated domains
In order to understand better the nature of the entanglement observed in (14), we consider a slightly different experiment, where instead of using time-separated detection intervals, the two observers Alice and Bob are measuring the simultaneous appearance of particles in spatially separated regions A and B of the setup, see Fig.  3 ; for particles with a linear dispersion, these two experiments are equivalent since a time delayed measurement with δt = t 2 − t 1 at the point x corresponds to a coincident measurement at time t with δx = (t 2 − t 1 )v 0 . We first concentrate on plane-wave incoming states, where the present setup with spatially separated detectors provides additional insights. In particular, we will see that it is the projection of the non-entangled incoming state onto the two domains A and B that defines a bipartition of the system with respect to which the lead index becomes entangled. On the other hand, in order to perform a Bell inequality check, we need a set of local 'rotations' of the measurement apparatus: in our setup, the parameters generating a suitable set of local 'rotations' are determined by the distance between the measurement domains A and B and by the mixing angle θ.
A central element in our discussion below is the interchangeability of mixing U ⊗ U and projection P AB onto the domains A and B, where U denotes the oneparticle scattering matrix of the beam splitter and the tensor product U ⊗U acts on our two-particle state. This interchangeability is a trivial consequence of these two operations affecting different degrees of freedom, coordinates x 1 and x 2 and lead indices u and d. In terms of these operators, we can relate the incoming and outgoing states via
Assuming that the projections onto A, B in the outgoing leads and ontoĀ,B in the incoming leads (see Fig. 3 ) are ballistically separated (i.e., the measurement in A, B involves the appropriate ballistic delay time) we can write
Hence, in our discussion we are free to interchange the two operations of mixing and projection. Consider then an incoming state (before mixing) with single-particle wave functions f (x) = e ik1x and g(x) = e ik2x with shifted momenta. The state incident from leadsū andd can be written as a simple Slater determinant,
Particles incident in leadsū andd with wave functions f (x) and g(x) are mixed in a four-terminal splitter and analyzed through measurement of equal-time correlations within the space intervals A and B centered around xA and xB. The interchangeability of projection (to the intervals A and B) and mixing allows to shift the measurement intervals to the positionsĀ andB in the incoming leads; provided that the measurements inĀ andB and in A and B are ballistically delayed in time, the measurement outcome is the same.
and thus is non-entangled. The lead index x ∈ {ū,d} of the electron field operatorψ x is conveniently regarded as a pseudo-spin.
To start with, we analyze the coincident detection of two particles within the non-overlapping regionsĀ and B of the incoming leads, see Fig. 3 , and select only those events, where each of the observers (Alice inĀ and Bob inB) finds only one particle. For two particles, this projection can be described by the operator PĀB =N (Ā)N (B), with the particle number operator
) counting particles in the region X of the incoming leads. Projecting the incoming state (17) one arrives at the state
where f X (x) and g X (x) are equal to f (x) and g(x) for x ∈ X and vanishing outside. This projected state is no longer a simple Slater determinant and describes a twoparticle state entangled in the lead indices and shared between the regionsĀ andB of the incoming leads. It is instructive to rewrite the state (18) in a pseudo-spin notation: Assuming for simplicity that the intervalsĀ andB are reduced to individual points xĀ and xB we have
where | ↑ X and | ↓ X denote states of particles localized in X and residing in leadū andd, respectively; the orbital part of the wave function contributes the phase factors exp(±iϕĀB/2) with ϕĀB = δk(xĀ−xB), where δk = k 1 − k 2 is a momentum mismatch. The projected state (19) is in fact maximally entangled in the lead-or pseudo-spin index with respect to bipartitioning the system between the regionsĀ andB. In the following, we wish to detect this entanglement in a Bell test.
The implementation of a Bell test relies on the ability to locally change the pseudo-spin basis of the particles. To do so, we transmit the original incoming state Eq. (17) through a beam splitter before measuring the presence of particles in the intervals A and B, now located in the leads u and d to the right of the mixer, see Fig. 3 ; the mixing then acts as an equal rotation of the (pseudo-spin) basisū,d for both particles. However, such a global rotation of the original basis alone is not sufficient to perform the Bell test, as locally distinct rotations are required as well; the latter are implemented through different choices in the separation δx = x 2 − x 1 between the regions A and B. Exploiting the interchangeability of projection and mixing, cf. Eqs. (15) and (16), we see that this change in distance results in a relative rotation with the angle ϕĀB = ϕ AB around the original (ū,d)-polarization axis of the pseudo spins, see Eq. (19). Writing the outgoing state (16) in pseudo-spin notation, we obtain the expression
This projected state describes two spatially separated localized particles with entangled pseudo spin indices. Choosing different space separations between the regions A and B allows one to change the phase ϕ AB and mixing by U ⊗ U generates a second rotation parametrized by the angle θ. Calculating the joint probabilities P α1α2 (AB) ∝ | α 1 α 2 |Ψ out AB | 2 for the four settings α 1 α 2 ∈ {uu, ud, du, dd} we find the Bell correlation functions E AB as given by (9) and choosing appropriate angles ϕ AB , ϕ AB ′ , ϕ A ′ B , ϕ A ′ B ′ and θ one finds the Bell inequalities violated.
C. Density matrix formulation
In a last step, we reformulate our analysis in terms of density matrices and express the Bell inequality in terms of concurrences of density matrices reduced after projection to the intervals A and B. We rewrite the projected state (18) incident from leadsū andd in pseudo spin representation, |ΨĀB = dx 1 dx 2 |ΨĀB(x 1 , x 2 ) , where
The joint measurement of the pseudo-spin index in the regionsĀ andB is described by the coordinate-reduced two-particle density operator
We introduce the two-particle pseudo-spin basis {| ↑↑ , |↑↓ , |↓↑ , |↓↓ }, where the first (second) arrow refers to the particle localized inĀ (B); the normalized density matrix then assumes the form
where F X = X |f (x)| 2 dx, G X = X |g(x)| 2 dx and S X = X f (x)g * (x)dx with X ∈ {Ā,B}. Although initially the two particles have been in a pure state, the reduced density matrix (22) corresponds to a mixed state with ρ 2ĀB =ρĀB. The calculation of the entanglement in the mixed two-particle state Eq. (22) corresponds to finding the concurrence C(ρĀB) of a two-qubit problem, and thus can be calculated following the scheme introduced by
≥ 0 are the eigenvalues of the matrixρĀBqĀB withqĀB = (σ y ⊗ σ y )ρ * ĀB (σ y ⊗ σ y ), σ y is a Pauli matrix, and ⊗ denotes the tensor product. The result of this calculation provides us with the expression
This quantity is indeed restricted to the interval [0, 1], as follows from the Cauchy-Schwartz inequality and the inequality ( FĀGB − FĀGB) 2 > 0, 2|SĀ||SB| ≤ 2 FĀGĀFBGB ≤ FĀGB + GĀFB. The state described by Eq. (22) is trivial (i.e., not entangled or classical) only for zero overlap SĀ = 0 and/or SB = 0. Physically, the vanishing of the overlap between the wave functions f (x) and g(x) in either of the two regionsĀ andB implies, that these orbital states are perfectly distinguishable via a local measurement. In this situation the corresponding density matrixρĀB can be written in a convex form ρĀB = i p iρ
, with probabilities p i ≥ 0 and i p i = 1, and thus is separable. On the other hand, for SĀ ,B = 0 one cannot perfectly distinguish between the different orbital states via local measurements, resulting in an interference between the different terms of the anti-symmetric wave function Eq. (21), a non-separable density matrix, and a finite concurrence.
Next, we analyze the reduced density matrix in the outgoing leads, i.e., in the new basis {uu, ud, du, dd}. Exploiting the possibility of exchanging real space projection and mixing, we can simply rotate the projected density matrix according to
The diagonal elements of the density matrix ρ AB directly provide the detection probabilities P α1α2 (AB), which then can be used in the calculation of the Bell correlation function E AB , Eq. (4),
where the angle ϕ AB is given by the overlap integrals, ϕ AB = arg(S A S * B ); combining Eqs. (23) and (25) we immediately recover the original expression (9). Choosing four different intervals A, B, A ′ , and B ′ (note that the selection of these intervals is non-trivial in the general situation discussed here, as ϕ AB now involves overlap integrals), we can set up the Bell inequality (5) and find the result expressed in terms of concurrences
Choosing plane waves for f (x) and g(x), the concurrences take the value C AB = C AB ′ = C A ′ B = C A ′ B ′ = V and the Bell inequality reduces to the simpler form found earlier, see Eq. (14); for the general case, the degree of violation depends separately on the shapes f (x) and g(x) of the orbital wave functions in each region A, A ′ , B, and B ′ via the corresponding concurrences.
D. Particles with spin
So far, we have considered only spinless particles or, more exactly, two electrons in a spin-triplet state with the same spin polarization of the electrons, χ tr +1 (σ 1 , σ 2 ) = δ σ1↑ δ σ2↑ and χ tr −1 (σ 1 , σ 2 ) = δ σ1↓ δ σ2↓ . Since all spindependence of the Bell inequality is encoded in the overlap Q of the spin wave-functions, see Eq. (9), one concludes that the above results are valid as well for the third maximally entangled triplet state, χ tr 0 (σ 1 , σ 2 ) = (δ σ1↑ δ σ2↓ + δ σ1↓ δ σ2↑ )/ √ 2 with Q = 1. On the other hand, the character of violation is modified for the spinsinglet state χ sg (σ 1 , σ 2 ) = (δ σ1↑ δ σ2↓ − δ σ1↓ δ σ2↑ )/ √ 2 with Q = −1. Choosing a set of optimal time intervals A, B, A ′ , and B ′ , the resulting Bell inequality takes the form
The main difference to the previous result for spin-triplet states is that this inequality can be violated only for a sufficiently large visibility factor 1/ √ 2 < V ≤ 1 and a beam splitter with a mixing angle θ sufficiently close to optimal, θ ∈ [π/4 − θ c , π/4 + θ c ], where the critical angle θ c is given by sin 2 (2θ c ) = 1/(1 + V √ 2), cf. Fig. 2 . This result allows one to distinguish between triplet and singlet incoming states by measuring a Bell inequality involving only orbital degrees of freedom, see also Ref. 8 .
Moreover, assuming that the incident electrons have opposite spin polarization, i.e., their spin state can be written as a superposition χ in = αχ The resonances in the quantum dots select the desired energies ε1 and ε2; dots residing in the Coulomb blockade regime inhibit the propagation of two electrons into the same lead, such that the two-particle incident state involves one particle in each of the leadsū and d.
the concurrence C(χ in ) = |α 2 − β 2 | ≥ |Q|, with equality established for real α and β (note that C(χ in ) gives the degree of (useful) spin entanglement in the outgoing leads u and d). Hence, measuring the entanglement E max of the orbital part of the wave function (which leaves the spin component untouched), provides a (lower) estimate of the degree of spin entanglement of the incoming state. If the spin wave function of the incoming electrons factorizes, χ in (σ 1 , σ 2 ) = δ σ1↑ δ σ2↓ , the orbital Bell inequality never can be violated since in this situation the electrons are distinguishable and thus the detection of an electron with given spin in one of the outgoing leads always allows to determine its origin.
III. SPIN-SINGLET/TRIPLET SOURCES
Finally, we discuss the potential experimental realization of the proposed Bell test. The source of spinentangled incoming particles can be realized with the help of a beam splitter, followed by leads with dots serving as energy filters defined through resonance levels at energies ε 1 and ε 2 , see Fig. 4 . We assume that both dots reside in the strong Coulomb blockade regime; applying a single-electron voltage pulse to the source lead s, two electrons in a singlet state are detached from the Fermi see 14, 15 . There is only one scattering process, involving trajectories where the electrons tunnel through different quantum dots, for which the two electrons reach the second beam splitter. The incoming state in the leadsū and d then is of a spin-singlet type with different energies ε 1 and ε 2 as defined through the dot resonances. All other scattering processes with only one or no electrons propagating towards the second beam splitter are irrelevant as they do not contribute to the correlation measurement.
A spin entangled triplet state can be generated with the help of spin-polarized reservoirs with polarizations ↑ and ↓ attached to the leads s ands, re-spectively. Applying a single-electron voltage-pulse to each reservoir, two electrons with opposite spins are injected into the leads s ands, see Fig. 4 . The state |Ψ ss = dx 1 dx 2 f (x 1 )g(x 2 )ψ
